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Two-dimensional double successive projection method for
high accuracy surface modeling
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Abstract: High Accuracy Surface Modeling (HASM) method, based on the fundamental theorem of surfaces, provides a solution
to the error problem that long troubled geographic information science. Although HASM has a sound theoretical foundation, the
low computing efficiency arising from solving large scale linear systems, poses a severe limitation on its wide-spread applications
in construction of large scale and high resolution surfaces. In order to achieve a high speed, we developed an algorithm based on
two dimensional Double Successive Projection Method (HASM-DSPM), which significantly improves the performance by adopting
strategies of project space adjustment and two-step correction. HASM-DSPM is examined by both numerical experiment and real
world experiment, the results of which both illustrate that HASM can surpass Gauss-Seidel (GS) and Modified GS (MGS) in
convergence pace and computational speed. Furthermore, compared with other classical surface modeling methods, our method has
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obviously higher accuracy.
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1 INTRODUCTION

Surface simulation has been widely applied in the
simulation of overall aspects of earth surface, ranging from
climate simulation (Zhou, et al., 2012), ecological simulation
(Chen, et al., 2012; Shi, et al., 2009) to Digital Elevation Model
(DEM) construction (Yue, 2011). Generally, surface simulation
involves three stages: surface sampling, surface simulation
employing numerical methods, evaluation of simulated surface
(Hengl & Evans, 2009). Due to lack of complete theoretical
foundation, current surface simulation methods can yield
products with serious error even incorrect results when used to
simulate surface. In order to solve the error problem, high accu-
racy surface modeling method is presented and developed (Yue,
et al., 2004; Yue & Du, 2006; Yue, 2011), which is based on
differential geometry and solves the error problem that long trou-
bled Geographic Information Science (GIS). Although this
method is mature theoretically, the low speed arising from the
solution of huge linear system constrains its applications in real-

time, large scale and high resolution simulation. To improve the
computing efficiency, Yue, et al. (2008) employed a multi-grid
method for solving the large linear system of HASM and found
that multi-grid method can be well adapted for large scale simu-
lation; Chen, et al. (2012) proposed a modified Gauss-Seidel
method to further improve the efficiency of construction of the
DEM with HASM. This method accelerated the construction of
DEM while maintaining the high accuracy. Furthermore, it
consumed less memory and hence can be adopted for large scale
DEM simulation.

Based on the investigation of the method of Chen, et al.
(2012), this paper introduces the spatial projection technique
to solve the linear system of HASM, and hence to present a
new method based on two dimensional double successive
projection (HASM-DSPM). Subsequently, the method is
validated through simulation of Gauss synthetic surface and
real-world example. Finally, conclusions are drawn in the last

section.
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2 TWO-DIMENSIONAL DOUBLE SUCCESSIVE
PROJECTION BASED HASM METHOD

2.1 High accuracy surface modeling method

HASM is based on the fundamental theorem of surfaces in
principles of differential geometry. In terms of the unique deter-
ministic factor of surface, HASM method converts the surface
modeling task to the solution of partial differential equation
group following

fo =T - f. +F?1 ﬁ +L- (E'G_Fz)_l/z
{/ =0y fo 45 fy+N-(E-G-F)™"

'f},G:1+ff,,L: L

NIEY T

, /. and f, are the first order partial derivatives

(1)

where E = 1+ F =,
S
S+ [+

of z=f(x,y) respect to x and y, respectively; f., and f,, are the

N =

second order derivatives respect to x and y, respectively; f,, is the
second order mixed partial derivative respect to x and y;
r, =12-(G+-E -2F-F +F-E) - (E-G-F)"

I, =12-QRE-F,-E-F, +F-E)-(E-G-F)"'
I, =12-26-F,-6-G, +F-G) - (E-G-F)"'
r, =12-(E-G -2F-F +F-G,) - (E-G-F)"

where E_,F,,G, are partial derivatives of the £, F and G respect
tox,and E,, F,, G, are partial derivatives of the £, F and G
respect to y.

Obtaining numerical solution of equations group above is a
challenging task because it has the form of differential equation.
Discretization is carried out through finite difference. After
discretization, this equation group is converted to the iterative
form for solution due to the large demanding computing time of
direct methods compared with iterative numeric methods,

(R R e
W n "
4 VE; +6G -1
()5 g =fia) + (1"1)2’/ i =l
2h
n+ n+ rn+ n (2>
fl]*]'|_2f I+ff,j—]| _ Nt.] +
h? T 0
E. . G. =1
(1—22)1’] (fﬁlj fllj) +(F77),”/ (f?,jﬂ_f?,jfl)
2h

where f7; represents the result of f(x,y) for the n" iteration at

(x;,y;). E};, and G}, are the results of £ and G for the n"
iteration at (x,,y,); L7 and V; are the results of L and N for the
nth iteration at (x, ,y]) respectwely (ri, ),J,(F,, ),J,(F;,):'J
and (F 2 )
details the reader can refer to Yue (2011). h represents the step
length for simulation; n=0; fﬁ s f?_o NETRE f0 u are bound condi-
tions, given M+2 as the grid number in x direction or y direction.

are the corresponding results of the coefficients, for

0 _, .. . . - .
f=f;, and f; is interpolation according to f;, which is the sam-
pled value of f at the position (x;,y;). Taking the sampled
points as constraint conditions and convert equations group Eq.(2)
to matrix form, we can formulate the following expressions,

A X/>+l D"
(o) ¥~ [

s. L. SX"' = K

min

(3)

where X" = (f 1, =, f s o f s s f i) s A and B
represent the two coefficient matrices in the Eq.(1); D" and E"
are the right side items of the two equations in matrix form,
respectively. Finally, the solution of HASM can be converted to
the solution of following expression,

FX"' =1 (4)
where

- S

n

A
F=[A" B" »-S"]|B ,
A
D

T = [AT BT A ST] Eu

A K

2.2 Gauss-Seidel method and modified Gauss-Seidel
method

Traditionally, GS is one of the effective numerical methods
for the solution of large scale linear systems. It shows conver-
gency when employed to solve positive definite linear system
using GS. Therefore, it can be used to solve the HASM linear
system. However, it converges in a much low speed. In order to
achieve a faster convergence for GS, Ujevi¢ (2006) presented a
modified GS method with a higher convergence speed. Chen
(2010) introduced this method and implemented fast solving of
HASM. According to Chen,et al. (2010), MGS has a significantly
improved convergence.

2.3 Two dimensional double successive projection
algorithm

From the point of view of projection technique, GS can be
regard as one-dimensional projection method (Saad, 2003), while
MGS can be regarded as one dimensional double successive
projection method (Jing & Huang, 2008). Based on sufficient
analysis of GS and MGS, Jing and Huang (2008) developed the
two dimensional double successive projection method to solve
the huge linear system. According to Jing and Huang (2008), the
method of Ujevi¢ (2006) can be regarded as one dimensional
double successive projection method, named 1D-DSPM, which
has two independent subspaces to carry out projection calculation.
Contrasted with 1D-DSPM, two dimensional double successive
projection method, named 2D-DSPM, chooses the linear combi-
nation of subspaces, and hence to have enhanced performance.
Thus, we can make following analysis by introducing projection
technique :

According to Ujevi¢ (2006), we can get the Eq.(5) when
solving general linear systen Ax=b

X =X tav, 6y,

. _pn (ep—ap,)’ (5)
fxe) = fx) == B TP
where k=1, ,n
=P g, =T )= -(Ax,x)~(b,x),

a= <Av| >V ) ,c= <Av| 7v2> = <Av2 >V ),
d=(Av,,v,) ,p,=(Ax,~b,v,) ,p,=(Ax,~b,v,)
Eq.(5) can be derived through choosing subspaces in two
successive steps. In the first step:
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K, =L, =span{v |,x,=x,,X,, €x,+X,, should be figured
out, given b—A.;C,(+l LL,. Supposed ;C,\H =x,__+&v]’ according to
inner products, we can get o= —%.

Similarly,

H,=L,=span{v, !} ,x, =X, X.; € X,,, +&, should be calcu-
lated, with the condition b—Ax,,, L L,. Suppose X,,, =X,,, +BV,
according to inner products, we can calculate B=%.

From aforementioned results, we can see both 1D-DSPM
and MGS have the same result, hence belongs to a special
projection method. The subspaces chosen by 2D-DSPM is linear
combination of subspaces X', , X, chosen in 1D-DSPM in two
successive steps. That is, & =L =span {v,,v,| should be find
out,under the condition that b-Ax,,, L L, x,,, € x,+X, where
Xy =X taw, 16V,

Similar to 1D-DSPM, according to inner products, we can
get the following results:

¢epy — dp, Py~ ap,

“ ad - ¢ B = ad - ¢ (6)
where @, ¢, d have the same meaning as Eq.(5), and we can
choose v, =e;,v, =e;; i#]. It can be proved that 2D-DSPM has
higher convergence rate than MGS in Ujevic¢ (2006) . The overall
2D-DSPM can be described below.

For iternum=1,2,-+-, to maximum iterative times

//initialize

X=X,

//for each row in linear system execute following loop
For it=1,2,---,n

/Ichoose two subspaces first
J= i,

If i<jj,,, then

JEiij,,tn

Endif

/[carry out 2D-DSPM method
pi=(a;,x)-b,

Pi= (a.f ’x) _bj

= a0

a = AP~ 4P

i

Mi
X=Xt o
B _GPim %P,

)

Mi
x} =X+ Bj
End for ¢

/lupdate the linear system

Xy =X

End for iternum
In the above algorithm, ij,,, represents the interval between sub-
space ¢ and j, and other variables have the same meaning as

Eq.(5).
3 IMPLEMENTATION AND VALIDATION

Amongst the aforementioned numerical methods, GS
consumes the least memory. Compared with Jacobi method, GS

method can reduce half memory demanding since it does not
need to save the two successive results calculated. Therefore, it
can support the solution of relatively large linear systems even
when the memory is not large. MGS accelerates the convergence
speed with the same memory compared with GS. Furthermore,
2D-DSPM optimizes the selection of projection spaces and
makes two corrections to the iterative results, and hence to obtain
the obviously accelerated convergence speed.

The coefficient matrix can be found distributed in five-diag-
onal form through observation of its structure. Moreover, in each
row, there are eight non-zero elements at most besides the diago-
nal entries. These elements distributed symmetrically with respect
to the diagonal and elements have the fixed value in each line
and distributed regularly. Implementation of our algorithm takes
all these features into consideration to reduce the memory
consumption, optimize the efficiency and reduce complexity of
the program. We implemented these algorithms including GS,
MGS and 2D-DSPM using C++ program language and nomina-
ted HASM-GS, HASM-MGS and HASM-DSPM, respectively.

To validate the effectiveness of HASM-DSPM, two experi-
ments were designed. For the first experiment, a convergence
analysis was carried out and execution time of these algorithms
will be compared when simulating Gauss synthetic numerical
surfaces. For the second experiment, the convergence rate, speed
and accuracy for simulating a real-world example will be validated.

3.1 Gauss synthetic surface validation

Gauss synthetic surface was employed for simulation and
performance analysis of HASM-DSPM. The Gauss synthetic
surface selected can be presented as below:

Slx,y) =3(1-x)%e™ 0" -
10(x/5 —%° =y )e™ ™ —e 3 (7)
where f(x,y) represents the elevation of location (x,y).

Two scales of grid numbers are chosen and they are 201 x
201 and 1001 x 1001, respectively. The sizes of two grids are
respectively 0.03 m and 0.06 m and the elevation both range
from 8.10 m to —6.55 m. Fig. 1 shows the simulation results of
HASM-GS, HASM-MGS and HASM-DSPM and for all three
methods with the iteration of 1500. From the illustration, we can
see the convergence rate of HASM-MGS is obvious speedup
compared with HASM-GS. Furthermore, HASM-DSPM
converges considerably faster than both HASM-GS and HASM-
MGS, and can obtain a higher accuracy than HASM-GS and
HASM-MGS with the same iterativation. Additionally, it can be
observed that when the iterative numbers are up to a particular
number, the local fluctuation is obvious for HASM-GS, while
HASM-DSPM fluctuates slightly and nearly is continuous
convergent.

We established 1000 and 5000 as two iterative numbers, and
the accuracy threshold for exiting iterative simulation as le "
The test result in Table 1 indicated that for the same number of
iteration the computing time of HASM-GS was considerably
longer than HASM-GS, while HASM-DSPM was much less than
the others. Furthermore, it is worth noticing that HASM-MGS
used much more time than HASM-GS when simulating Gauss
synthetic surface under conditions aforementioned, while HASM-
DSPM spent the least time amongst all the methods. Taking
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o DSPM @@ MGS ++GS

Residual error

95 1 1 1 | ]
100 400 700 1000 1300

[teration times

Fig.l1 Convergence comparison of three methods

higher convergence rate into account, the simulation time of
HASM-DSPM reduced considerably when achieving the same
accuracy compared with HASM-MGS. Additionally, precondi-
tioning needs extra computing time, which contributes to huge
simulation time of HASM-MGS.

Table 1 Computing time of HASM-GS,
HASM-MGS and HASM-DSPM

. Iteration HASM- HASM- HASM-
Grid number

number GS/s MGS/s DSPM/s
10401 1000 6. 132854 6.986757 5.731308
5000 30. 455048 34.891304 25.887218
1000 148. 817963 172. 805222 123.352486

1002001

5000 743. 159851 864. 940369 614.852112

3.2 Poyang Lake basin simulation

Poyang Lake basin is located from 24°29'14"N to 30°04'41"N
and from 113°34'36"E to 118°28'58"E in south-central China.
It borders the Yangtze to the north and mountains to east, west
and south. Its area is 166900 km’, of which mountainous areas
account for 36%, hilly areas for 42% and plain and hillock areas
for 12.1% and the water body area for 9.9% . Topography and
geomorphology are complicated and appropriate for DEM simu-
lation experiments. Data source is contours from Poyang Lake
basin. Since the data scale is so huge, we have to partition it into
15 parts for simulation independently. Afterwards, discretization
is made to all the parts to obtain scattered points as constrained
conditions for HASM simulation. All these blocks were
simulated employing HASM-GS, HASM-MGS and HASM-
DSPM, respectively. Then the simulation results of computing
time for 2000 iterations are given in Table 2.

From Table 2 we can see that for simulations of all the 15
blocks of Poyang Lake basin with the same iteration number, the
computing time of MGS is much longer than GS due to
additional preconditioning operation to speed up convergence;
Among the three methods, DSPM has the shortest computing
time, significantly shorter than MGS but slightly than GS. On the
other side, due to the fastest convergence of DSPM, its efficiency
improved significantly. When taking computing time of per itera-
tion into account, DSPM decreased obviously compared with
HASM-MGS. Although per iteration time for DSPM is slightly

Table 2 Computing time of Poyang Lake basin for three methods

Block Id  Grid number HASM-GS/s HASM-MGS/s ~ HASM-DSPM/s
1 2587x%3196 2945.582 4443.372 3020.074
2 2514x1994 1786.494 2674.753 1924.369
3 2587x3040 2831.433 4223.551 3044.221
4 2587x%3041 2813.467 4232.500 3021. 856
5 2587x%2595 2430.018 3620.767 2554.795
6 25873041 2818.938 4215.584 3338.053
7 2637x%2850 2674.294 3991. 656 2818.440
8 2562 %2907 2658.301 3998. 196 2773.491
9 1509%2535 1367.316 2041.357 1682. 184
10 2289x%2535 2075. 806 3122.793 2272.787
11 2289x2513 2095.263 3094.257 2209.462
12 25623041 2786.372 4184.470 2891.475
13 2176x2370 1845.426 2773.477 1984. 121
14 2587x3041 2812.212 4186. 860 3189.935
15 2587x3028 2804. 467 4216.730 2941. 846

longer than that of HASM-GS, its convergence speed is much
faster. Fig.2 reveals that contrasted with MGS, with the same
iteration number, the computing time of HASM-DSPM could
save computing time proportional to the first power of grid num-
bers.

1600

T
[ ]

OO o
R<0.001 °

1200

1000

800

Computing time/s

600 |-

400 |-

200 ] ! ! ] ! 1
3.0 4.0 5.0 6.0 7.0 8.0 9.0 xef

Grid size

Fig2 Relationship of residue of time and grid
number for MGS and DSPM

Fig.3 shows the simulation time of all three methods when
achieving the same accuracy 0.0542. The results illustrates that
simulations of most blocks reached the certain accuracy before
accomplishing all the iterations and exit in advance, except that
the ID 1, ID 2, ID 3, ID 5, ID 11 iterated for the maximum times
2000. The analysis of the results demonstrates that DSPM
method spent the least computing time, far less than GS and
MGS. Even when performing the maximum iterations, DSPM
still has the highest simulation speed and achieves the highest
accuracy.

From Fig.2 and Fig.3, we can see that the computing time
discriminates obviously between areas of approximately the same
scale due to different processing time with different sampled
points numbers.

In Table 3, the convergence of three methods are showed
and compared for simulation of real-world example Poyang Lake
basin and the iterative number is set as 2000. The simulation of
all 15 partitions of Poyang Lake basin demonstrates the
conclusion of Fig.1, which illustrates that when employed for
real-world instance, HASM-DSPM has the superior convergence
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Fig3 Simulation time spent when achieving the
certain error threshold

rate over HASM-MGS and HASM-GS.

According to Fig.4, DSPM can reduce computing time
considerably when attaining the same accuracy compared with
GS and MGS.

Table 3 Simulation error of Poyang Lake basin with
equal iteration number for three methods

Block ID  Grid number HASM-GS/m  HASM-MGS/m  HASM-DSPM/m
1 2587x%3196 0.058935 0.057806 0.057740
2 2514x1994 0.066383 0. 065270 0.065226
3 2587x3040 0.060192 0.058382 0.058247
4 2587x3041 0.028442 0.024252 0.023840
5 2587x%2595 0. 072400 0. 070647 0.070460
6 2587x3041 0. 047883 0.041749 0.041372
7 2637 %2850 0.042337 0.037377 0.036880
8 2562 %2907 0.042449 0.038584 0.038295
9 1509%2535 0.057522 0.055217 0.055013
10 2289x%2535 0.052051 0.050011 0.049867
11 2289x2513 0.067684 0.064961 0.064752
12 2562x3041 0.023237 0.018946 0.018630
13 2176x2370 0.040426 0.036316 0.036028
14 2587 %3041 0.013206 0.010840 0.010636
15 2587x3028 0.043029 0.038002 0.037582
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@ 400 |- h— Ak
E
2 300}
:
© 200 |-
100 |-
0 1 | 1 | | ]
5.0 55 6.0 6.5 7.0 7.5 8.0 xe®
Grid size

Fig4 Relationship of time reduced and grid number between
MGS and DSPM compared to each other

3.3 Accuracy comparison with other classical methods

One part of Poyang Lake basin is chosen for accuracy vali-

dation. The simulation result is compared with those of classical
methods, such as TIN, KRIGING, SPLINE, and IDW, which is
illustrated with Table 4. The area chosen for validation has 2684
%2587 pixels, 40 m resolution and a height ranging from 36 to
2200 m. Sampled points for simulation and for validation have
the same number 199442. RMSE is adopted to measure the error.
Table 4 illustrates that HASM-DSPM has the highest accuracy.

Table 4 Simulation accuracy validation for HASM-DSPM /m
KRIGING SPLINE IDW
26.799 20.399 20.891

HASM-DSPM TIN
17.59%4 18.704

4 CONCLUSION

A new method for solving HASM has been presented in
this paper. Both numerical simulation and Poyang Lake basin
simulation have verified that this method can attain improved
simulation speed and convergence with the same memory
capacity occupied, compared with HASM-GS and HASM-MGS.
The simulation speed has improved greatly with the same error
threshold matched. Furthermore, contrasted with other simulation
methods, simulation results with HASM-DSPM have one meter’s
higher accuracy at least. RMSE was adopted as error measuring
method. Additionally, since HASM-DSPM is a high performance
method, and it gives a solution to large scale surface simulation.
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About the Cover

20105+ EHBERISBUSIEEEMR ( ChinaCover2010 )
The China National Land Cover Data for 2010 (ChinaCover2010)

2010 S E T EERERETUEIESE ( ChinaCover2010 ) HFERFRIEMSHFHIRMRAAKSEM 9 AN HEREAE , RA 30 m 25
SHRNTEE (H)-1A/1B ) 48 , FARSERKRES (FAO) NLCCSHE TR, MBTIERTPEERREN 38 - EW SRR, F
BEFBEFANEETLE. ERNRNBmSE. WEEASEHSHN 10 A MNFINFELURBASIERE S38EaI5E | 8UENEIAT 85%.
ChinaCover2010 EEE‘FE?‘EEB?& ﬁﬂﬁ%ﬁm & . FEEMERI M LR PSR RIS HIERATE R RIE 78RR | rlhs
E&EAINET AL SR ARG EREHRSTH. ( Rkt : http://www.chinacover.org.cn)

The China National Land Cover Data for 2010 (ChinaCover2010) has been completed after two years of team effort by the Institute of
Remote Sensing and Digital Earth (RADI), Chinese Academy of Sciences (CAS), together with nine other institutions’ participation. The HJ-
1A/1B satellite at 30 m resolution is main data source. Based on the landscape features in China, 38 land cover classes have been defined
using UN FAO Land Cover Classification System (LCCS). Super computers were used in the data preprocessing. An object-oriented method
and a thorough field survey (about 100000 field samples) were used in the land cover classification, with radar imagery as auxiliary data.
The overall accuracy of ChinaCover2010 is around 85%. Mainly based on domestic imagery, the products take advantage of various in situ
data and strict quality control. ChinaCover2010 is a good dataset for ecological environment change assessment and terrestrial carbon
budget studies. (Website: http://www.chinacover.org.cn)
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